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1. Introduction

Improvements in wireless communication and sensing techniques, along with the reduction of power consumption in
current microelectronics are driving demand for structural health monitoring systems. Although power consumption is
low, battery life remains a critical factor in installation of distributed sensor networks. Because battery exchange requires
considerable manpower, techniques are under investigation that can charge batteries or alternatively super capacitors as a
means to extend the service life of installed networks. A larger concern is the installation that is either dangerous or no
longer accessible for battery exchange. Solar generated power is ubiquitous, but is not a universal solution. A solution is
required for installations that may not have or may not want solar exposure. Vibrations are available in many instances and
can provide the critical energy input for the piezoelectric class of materials. Researchers are investigating vibration
harvesting utilizing various self energizing techniques including electromagnetic in both a cantilever configuration [1-3]
and single membrane form [4,5], and piezoelectric, principally as cantilevers [6,7]. A number of recent reviews discuss
harvesting theory, techniques, and performance [8-12].
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A critical issue with most resonating harvesters is their best performance occurs at a single or very narrow frequency
range. Therefore, many devices must be designed for and limited to a known environment. Adjustable resonant tuning
provides flexibility in a device and the opportunity to maximize power generation. Literature shows limited cases of
resonant tuning and can be described as external electrical control [13,14], beam compression techniques [15-17], beam
stiffness change through piezoelectric effect [15], beam stiffness change through magnetic field application [18],
decoupling [19], cantilever arrays [20], or frequency rectification [21].

Frequency and acceleration measurements presented in [17,22] suggest a range of frequencies and magnitudes of
interest for low level vibration harvesting. Frequencies range from 60 to 200 Hz with acceleration amplitudes on the order
of 0.2-12 m/s%. The measurements include an automobile engine compartment which garnered the highest frequency and
acceleration measurements to measurements of a window subjected to traffic noise, a small microwave, a building’s HVAC
ductwork, a piece of industrial equipment, as well as others. Infrastructure monitoring falls into a different vibration
spectrum than the typical machinery installation because buildings and bridges are so much larger. Literature reports
spectra for small span bridges (including pedestrian walkways) in the 2-10Hz range [23-26], large span bridges report
typical resonant frequencies below 2Hz [23,26], and a 27 story apartment building ranged between 0.4 and 3.3Hz
depending on the wind.

An issue with the cantilever design is the reduction in power output as the driving frequency increases. An accepted
model predicting the maximum power of a cantilever harvester as postulated by a number of researchers [1,8,11,22,27] is
written in Eq. (1) and a conditional form, Eq. (2) suggested by Morris et al. [28], is written

_ m{pA? bpm2A2?

= = 1,2
4¢3 2(bE + 2beby + b)) (12)

]

where m is the mass, A is the acceleration amplitude, (¢ and (t are the electrical and total dimensionless damping
coefficients, and bg and by, are the electrical and mechanical damping coefficients. The equation assumes that the natural
frequency, w,, equals the driving frequency, w. From Eq. (1) it is apparent that as the driving frequency increases, the power
generated is reduced if the damping coefficients remain constant with frequency. The conditions of Eq. (2) assume the
damping terms bg and by remain constant with changes in device stiffness. This removes the dependence on frequency for
electrical power generation.

The extensional mode resonator (XMR) [28] is constructed of piezoelectric films, in this case polyvinylidene fluoride
(PVDF), that suspend a mass to a rigid frame. PVDF was chosen in this case for its availability and ease of use although the
model does not preclude the use of any other piezoelectric material or composite capable of supporting a tensile load.
However composite films present their own unique set of engineering challenges which would detract from the focus of
this research. As the frame vibrates, the compliance of the films permits the mass to oscillate about a neutral axis which
alternately stretches the films. The alternating strain cycle applied to the films generates electricity through the direct
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Fig. 1. Schematic for mechanical function of device.
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piezoelectric effect. The unique geometry of the XMR permits simple adjustability of the resonant frequency through a
change in stiffness rather than a change in mass. Initial experiments with the XMR device appear weakly dependant upon
resonant frequency and more strongly affected by mechanical damping (by; in Eq. (2)).

In addition to a very broad range of resonant frequency tunability, another advantage of the XMR design (Fig. 1) is the
ability to utilize stretching rather than bending mode for generating the piezoelectric effect. In the case of the rectangular
version in contrast to the circular version presented in Morris et al. [28], all strains are uniaxial and uniform. Because there
is no strain gradient as in a cantilever [6], the entire active area of the films produce power effectively. The implications of
geometry changes to the device stiffness and frequency are shown in the following model section followed by verification
of the model with an experimental prototype device. The device size presented in this work is arbitrary and used as a
means to develop and prove the model. Successful application of the model allows the design constraints to be optimized
for a particular class of installations i.e. low frequency vibration (1-15Hz) as would be present in a structural monitoring
system or higher frequencies (60-120 Hz) more likely to be found in an industrial application.

2. Model
2.1. Dynamic model

Consider the schematic diagrams of the XMR shown in Figs. 1 and 2. They illustrate the mechanical and electrical
function of the device. As shown in Fig. 1, the device consists of a moving mass m and adjustable frame. Four PVDF films, of
unstretched length L,, width w (into the plane of the figure), and thickness h are fixed to the moving mass and the central
hub of the frame. The central hubs are moved vertically a distance u, from the moving mass to preload the films and
deform them to the dimension L. The frame is moved at a specified inertial acceleration ii, while the inertial displacement
of the mass is z, and the displacement of the mass relative to the moving frame is Au. While m executes relative movements
Au, the instantaneous length L of each film is L = L + AL, where AL is the stretch of each film caused by the movements Au.
In Fig. 2 the electrical function of the upper and lower films are shown symbolically. The top and bottom electrodes on the
upper and lower sections are connected, so as to form the potentials AV, and AV, respectively. The polarity of the upper and
lower films are indicated by “+” and “—", where the polarity is referenced to the free charge attracted to the electrode. The
currents i, and i flow into the top electrodes of the upper and lower films. A load resistor R, is placed as shown to model
harvesting of electrical energy, and the remaining electrodes will be connected such that i,=i).

The objective is to develop a model that will predict the time-averaged power IT dissipated in a resistor placed across
the electrodes of the XMR given a specified acceleration ii. In what follows, Newton’s second law will be derived for the
vertical motion of m, and the electromechanical coupling of the PVDF film to a load resistor placed across the electrodes
will be determined.
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Fig. 2. Schematic for electrical function of device.
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Fig. 3. Free-body diagram for mass m.

To derive the mechanical response of the device, consider the free-body diagram of the mass in the deflected condition
shown in Fig. 3. Neglecting gravity, the only forces on the mass originate from the stretching of each PVDF film. Denote N as
the axial force of a PVDF film on m, and F, as the vertical component of the axial force N. Furthermore, the vertical reactions
are subdivided in Fj and F, depending upon whether they originate from the upper or lower films respectively. The force F,
can be computed from F,=N cos «, where the angle « is subscripted as ¢, and «,; for the upper and lower films shown in
Figs. 1 and 3. The axial force N can be computed from the constitutive equations for the film [29],

S1 = —d31E3 +S]131T1 (3)

D3 = ¢l5E5 — d31 Ty (4)

where S, T, E, and D are strain, stress, electric field and electric displacement; ds;, s§;, and &I, are the piezoelectric
coefficient, mechanical compliance and electric permittivity; the 1-direction is along the film axis and the 3-direction is in
the film thickness direction. In Egs. (3) and (4), the upper films are assumed to be oriented such that a release in tension
associated with positive movements Au of m cause a positive voltage at the top electrode, consistent with Fig. 2.
Consequently, the piezoelectric coefficient ds; is taken to be negative. The constitutive model Egs. (3) and (4) assumes that
the stress in the 2-direction is zero (T,=0), and that the films are free to contract in the 2-direction. This is a simplifying
assumption in the model, and its quantitative effect will be neglected at this point in time. Given that T;=N/wh because a
tension on an upper film is a force F, in the opposite direction on m, F,=N cos ¢, S;=AL/L,, and AV = — .[g E;dz,Eq.(3) can be
rewritten for the upper and lower films as

A A
F*:Wh L d3]wcoso¢uAVu, F; :W—h—Lcosal—dE’lW
E v E E
ST S1p Lo ST

cos oAV, (5,6)

The component of the force F, induced by the voltage AV, on m from the lower film is negative because the polarity of the
lower films are opposite that of the upper films. To obtain a linear model, it is assumed that Au of m is small, and
linearization of Egs. (5) and (6) results in

+:w7h@ B 1 B wh _ 1 _d31Wﬁ 1 AV )
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The terms in Egs. (7) and (8) above are caused by static extension of the films, displacements Au caused by movement of
the mass, and the voltages AV, and AV, induced across the electrodes of the upper and lower films. The total vertical force
F on m from all four films then is

F = 2F} + 2F; = —sAu — YAV, — YAV, 9)

where

wh 1 d31Wﬂ 1

s=4 - =2—7
St Lo . Up 2
+(E>

5 (10,11)

_1511‘3]L0 N2 372
up
1+ (2) }

Physically, s is a mechanical stiffness, and ¥ is a force coefficient with units of N/V. There are two components of s, one
given by the extensional stiffness of the four films, and the other being a geometric dilution parameterized by the ratio
up/Lo. Similarly, ¥ consists of a component that would be expected from extensional strains, and a geometric dilution.
Newton’s second law for the motion of the mass is

F—Rn(z — 1) = mz, (12)

where R, is a coefficient of mechanical damping. Using the fact that z=u+Au, letting ii = —A(t), and using Eq. (9) for F,
Newton’s law, Eq. (12), for m becomes

MAil + RmAll + sAu + WAV, + PAV, = mA(b). (13)

To derive the electrical response of the device, voltage-current laws are derived for the upper and lower films shown in
Fig. 2. Starting with one of the upper films, elimination of the stress T; from Eqgs. (3) and (4) gives

D=l (1- B \p, g (14)
3 = 633 SE ST 3 SE 1-

Upon integrating fé’() dz, using the fact that AV, = — fg’ E; dz, dD3 /oz = 0 within the piezoelectric material, and S; = AL/L,,
Eq. (14) becomes

a2 ds; , AL
hD3y = —€%, |1 - =31 |AV, — 2Lh==, 15
’ o3 ( 5%1%3) osE T L (1)

Next, integrate over a volume of infinitesimal thickness enclosing the interface between the electrode and the piezoelectric
film. This operation converts Eq. (15) to

2
wLohDs = —¢l, (1 - SEd31T )wLOAVu + ‘SiEﬂwLohg

11933 11 Lo

(16)

To obtain a linear model for the upper films, AL/L, is approximated for small motions Au, the quantity wL,Ds is equated to
the total free charge Q attracted to the electrode, and Eq. (16) is multiplied by two to reflect the fact that the two top and
bottom electrodes are common. Additionally, it is assumed that charge caused by static deformation has been dissipated.
One then obtains

—Qu = —CAV, + PAu, (17)
where Q, is the total free charge attracted to the top electrodes on the upper films and

T d§1
&35 1— ol wL,
C—2 1133

A .

(18)

The derivation for the lower films is similar, only that the polarity orientation of the film is reversed, and positive
movements of the mass Au lead to extensional strains. For the lower films, the voltage-current law then is

—Q = —CAV, + PAu. (19)
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As a final step, the circuit is completed by connecting the bottom electrode on the upper films to the top electrodes of the
lower films. Then, i,=i; and V=AV,+AV;=—i R, and the time derivative of the circuit equations for the upper and lower films
are summed to obtain

oV =—Y i wau (20)
Ry

where

Co== = : (21)

Egs. (13) and (20) constitute a model for the device, where the acceleration of the frame A(t) is the input, and there are two
equations for the unknowns V and Au.

2.2. Electric circuit analysis and energy harvesting capability

The model for the XMR device has a circuit analogy that is useful for analysis of power harvesting capability. Consider
the circuit diagram shown in Fig. 4. With the definitions of voltage mA(t)/¥ and current YAi, and the components
R=Rn/¥% L=m/¥? and C = ¥?/s, the circuit shown in Fig. 4 can be verified to have the same governing equations as
Egs. (13) and (20). Furthermore, the natural frequency of the RLC circuit is
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Fig. 4. Equivalent circuit diagram for device (Egs. (13) and (20)).
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and the quality factor Q is

Q=ms _ 1 W)y ! . (23)

Rm  Rm | sE L, 2
1 [] " (@) }
Lo

Given a harmonic frame acceleration of amplitude A, it is necessary to specify the optimal frequency of operation and load
resistance Ry. It has been shown [30,31] that in the limit of low damping, optimal power production is obtained at two
frequencies, the resonance frequency given by (22) and the anti-resonance frequency. The optimal power production at the
resonance and anti-resonance frequencies are equal. When damping becomes larger and exceeds a particular limit, called
the bifurcation damping ratio [31] there is a single frequency for optimal power production. The value of the bifurcation
damping ratio is determined by the effective electromechanical coupling factor of the device. Rather than compute an
expression for power production in all three cases the scope was restricted to the case that damping is low, and power
production was computed at w,. This choice was made because the device used in experimental measurements had low
damping, and power production at the natural frequency also characterizes what might be expected for operation at the
anti-resonance frequency. It is straightforward to compute IT at w, as

11 1 m2A2
=3k TR - e (24)
| +2(5 ) + RGwn)
Ry Ry

The optimal load resistance R, ., is found by maximizing I1. By differentiation of IT from Eq. (24), the optimal load resistance
is found to be

R

1+ (RCOCL)“)Z .

Given an optimal load resistance specified by Eq. (25), the corresponding optimal time-averaged power dissipation I1, from
Eq. (24) will be

R = (25)

1 1

4Rm 1+ (RCOCUn)Z

Iy = + 1m2A2. (26)

3. Experiments
3.1. Prototype device

A prototype XMR was fabricated for experimental verification of the model. The active components of the device
occupied a net volume of 21cm?. The total live mass of the device was 82.3g. Commercially available PVDF film
(Measurement Specialties, Inc.) was used as the piezoelectric element. Properties of the film provided by the manufacturer
and other device constants are contained in Table 1.

3.2. Electrical impedance

Electrical impedance experiments were conducted with an Agilent 4294A precision impedance analyzer to determine
the circuit parameters C,, R, L, C and k2. The electromechanical coupling coefficient k? is defined as the ratio of energy

Table 1
Device geometry constants and PVDF film properties.

m (g) 82.3

L, (mm) 22

w (mm) 23.95

h (um) 119

s (m2/N) 3.65E-10
ds1 (C/N) -2.30E-11
&l; (C/V/m) 1.10E-10

k31 (%) 1.15E-01
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Fig. 5. Example measurement of electrical impedance and curve fit for circuit parameters R, L, C, C, and k?
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Fig. 6. Apparatus used to perform power output experiment from a controlled vibration source.

converted by the system divided by the energy input into the system. The impedance sweep data (Fig. 5) was curve fit using
a least squares fit in which variables C,, R, L, and C were allowed to change. The mechanical damping R, was calculated
using the measured R, Eq. (11) and the relationship R,=R¥?2. Results from the impedance sweep were also used to find the
optimal load resistance R , in order to achieve a matched impedance power experiment. The films were connected in series
so that measurements captured the values of the device rather than the individual film elements. An electrical impedance

measurement was conducted at each tension screw setting up, as the circuit parameters depended upon the device
geometry as discussed in Section 2.

3.3. Mechanical vibration and power output

The schematic for the power measurement experiment is detailed in Fig. 6. The XMR device was mounted to a MB
Electronics EA1250 vibration head driven with a MB Electronics 2120 amplifier. The input signal to the amplifier (both
white noise and fixed sine) was generated by an Agilent 35670A Dynamic Signal Analyzer (DSA). Accelerations were
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Fig. 7. Transfer function versus frequency of the XMR device. Peak indicates the resonant frequency of the oscillator.

measured with a Bruel & Kjaer Type 4395 accelerometer mounted to the vibration head. The impedance matched resistive
load was provided by an AEMC BR0O7 decade resistance box.

The typical power measurement series was conducted by first exciting the XMR with white noise in order to determine
the resonant frequency. In addition to providing the source signal, the DSA was used to capture the XMR and accelerometer
output voltages and to plot the transfer function of mechanical excitation shown in Fig. 7. In this experiment the transfer
function was defined as the output RMS open circuit voltage of the XMR divided by the acceleration. Open circuit condition
refers to the absence of an electrical load across the film elements. The resonant frequency was identified by the maximum
in the transfer function. Once the resonant frequency was found, the XMR was excited with a fixed sine signal at that
resonant frequency at multiple accelerations. A feature of the DSA enables the use of measurement averaging (in this case,
50 measurements) to improve the resolution in Vgys for each acceleration setting. Power was calculated from P = V,%MS /RL.
When all the desired measurements were collected, the XMR was tuned to a new resonant frequency by adjusting the
tension screws. This step changed the u, position and the initial tension in the films. For each position up, a new impedance
measurement was conducted. Once the impedance measure was made, the power experiment was repeated.

4. Results

In this section, results of impedance and mechanical vibration measurements as described in Section 3 are presented.
These measurements allow comparison of measured and theoretically predicted device parameters and power output. A
discussion of properties of the device as predicted by the theoretical model follows in Section 4.1.

4.1. Impedance tests and device parameters

Table 2 provides a comparison of the XMR properties obtained in the impedance experiment with the values
determined from the theoretical model. The model provides the fundamental values from geometry and materials
properties to calculate the terms in Table 2 using the additional relationships C = ¥2/s, L = ¥2/m, k? = C/(C + C,), and
fn = wn/2m. The geometric term up, was selected to obtain nominal natural frequencies of f,=120, 150, and 180 Hz, shown in
Table 2.

Consider the measurements and predictions contained in Table 2 in which the XMR was configured to have a natural
frequency of 120 Hz. Referring to the second column, a value of u,=3.59 mm was selected. Because the value of L, is known,
and the assumption that the film elements are identical, it is straightforward to calculate a static strain of 1.32 percent in
each film. Electrical impedance measurements gave the values shown in column two for C,, R, L, C and k?. Derived further
from the impedance measurements was ¥ = +/mL, f, = 1/2nvIC, and s = ¥2/C. Presently, the scope of the theoretical
model does not include an a priori prediction of damping Ry,. In the third column of Table 2 are theoretically predicted
values of the device parameters using the expressions contained above and in Sections 2.1 and 2.2. The fourth column
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Table 2
Configuration, impedance measurements, and theoretical predictions for nominal natural frequency of f,=120, 150, and 180 Hz.
Parameter 120Hz 150Hz 180Hz
Measured Theoretical % Measured Theoretical % Measured Theoretical %
prediction Diff production Diff production Diff
up (mm) 3.59 4.62 5.67
€ (%) 132 218 3.27
G, (PF) 461 479 -4 453 479 -5 458 479 -4
R (MQ) 7.85 7.06 6.14
L (kH) 473 349 36 308 214 44 212 145 46
C (pF) 3.81 4.29 -11 3.72 4.31 -14 3.76 433 -13
k% (%) 0.82 0.89 -8 0.81 0.89 -9 0.81 0.9 -10
fa (Hz) 119 130 -8 149 166 -10 178 201 -1
Run (Ns/m) 136 1.89 239
¥ (mN/V) 0.417 0.485 -14 0.517 0.62 -17 0.624 0.753 -17
s (kN/m) 45.7 54.9 -17 71.7 89.1 -20 103 131 -21
R*Co*wn 2.48 2.99 315
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Fig. 8. Comparison of predicted power output for XMR configured with nominal natural frequencies of 120, 150, and 180 Hz.

shows the difference between the measured value and theoretical prediction expressed in percent. Columns 5-7 and 8-11
in Table 2 follow the same format as columns 2-4.

The fundamental properties of the XMR device can be divided into two categories. The first category, s, ¥, C,, and R, are
fundamental properties of the device. The second category of device parameters are those derived from s, ¥, C,, and Ry,.
These include effective electromechanical coupling factor k?, and the product RC,y. The product RComy, is discussed in
Section 4.2 regarding power generation.

Referring to Table 2, it can be seen that the difference between theoretically predicted and measured values for s, ¥, and
C, ranged from 4-21 percent. The predicted coupling factor and stiffness consistently exceeded their measured values by
approximately 15-20 percent. The model prediction of natural frequency was within ~10 percent of the measured value.
For several reasons, the agreement was thought to be reasonable for a first order predictive model. PVDF properties, s&,, ds;,
and h used in the model prediction were nominal values reported by the manufacturer, and were not confirmed by
independent measurement. It was unknown whether the manufacturer’s specification for the permittivity is consistent
with the tensor assumptions regarding ¢}, in Eq. (4). There was no attempt to compensate these properties for the
relatively large amount of static strain encountered during operation. For a first approximation, the model seems to be
valuable for predicting s, ¥, and C, based only upon material properties and device geometry.

From Table 2, it was observed that the predicted and measured effective mechanical coupling coefficient k? was slightly
less than 1 percent. At most, the predicted and measured value of k? differed by 10 percent.
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4.2. Mechanical vibration and power output

A comparison of power output at the three nominal natural frequencies of 120, 150, and 180Hz is shown in Fig. 8
corresponding to the configurations described in Table 2. To compute a predicted power output using Eq. (26) it was
necessary to use a value for R, obtained from impedance measurements of R, i.e., Rn=R¥?2. Multiple measurements of
power were made for each device configuration to get an estimate of scatter. Maximum power outputs of 2.9, 4, and
4.4 mW were observed for acceleration amplitudes about 1/2 g and 9.4 mW and 9.5 mW at just under 1 g. The power output
agreed very closely with theoretical predictions for small acceleration amplitudes, 1.3, 3, and 7 m/s?, for nominal natural
frequencies of f,=120, 150, and 180Hz respectively. At higher acceleration amplitudes, the predicted power output
exceeded the measured values. This behavior would be expected, as the mathematical model assumed small motions of
the proof mass. In a previous analysis, it was shown that the departure from a linearized analysis should occur at
larger acceleration amplitudes as the ratio up/L, increased [28]. The measurements shown in Fig. 8 are consistent with
this analysis.

Referring to Table 2, the product RC,w, for each configuration was in the range 2.48-3.19, and according to Eq. (26)
would contribute little to changes in power output. It is apparent that the power output was not identical for the XMR
configured for different natural frequencies, but the difference was attributed to a change in mechanical damping.
Consequently, these measurements indicate that the power output changes little with the natural frequency of the device,
but instead depends predominantly upon the amount of inherent mechanical damping in this device.

5. Conclusions

A tunable vibration harvesting device with an active volume of 21 cm? constructed of piezoelectric films supporting a
mass of ~82 g with the ability to vary the resonant frequency was introduced. A model was developed that predicts the
device performance from materials properties and device geometry. Results from the predictive model were confirmed
with experimental measures with close correlation in the small deflection regime (small accelerations).

Model development included all the geometric and materials properties of the device. The model dynamics were
derived from Newton’s second law of motion, and the results were incorporated with the piezoelectric constitutive
equations through an equivalent electrical circuit analysis to derive an equation for the power produced when the device is
tuned to a given frequency and vibrated at a given acceleration. The power output was predicted and corroborated with
experimental data for frequencies between 120 and 180Hz and accelerations up to 1g. Results at 1/2g acceleration
produced 3-4mW at three different frequencies while producing up to 9 mW at just under 1g acceleration. The model
predictions indicated a dependence on both the frequency and mechanical damping. Both the model and the experimental
measurements suggest that the damping has the greatest influence on performance.

The model provides a design tool for developing vibration harvesters that maximize power through a desired
bandwidth. In the case where driving at resonance is deemed important, the environmental conditions can be measured
and the model used to determine the geometry and dimensions of a device that will center on the resonant frequency and
still allow a wide variation to either side of the center frequency in order to maximize power production upon installation
to tune to a relatively wide range of local conditions. It should be noted that the design focuses on improving performance
of a mechanical oscillator which dissipates generated power over a resistive load with no attempt to address the numerous
electrical improvements suggested by literature which can be added to the system for additional improvement.
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